A-TRANSFORMS AND HILBERT FUNCTIONS IN
LOCAL LATTICES

BY
E. W. JOHNSON

0. Introduction. In [1], Dilworth introduced the notion of a principal element of
a multiplicative lattice and used it to define a class of lattices in which the Noether
decomposition theorems hold. He called these Noether lattices and showed, among
other things, that Noether lattices satisfy the Krull Intersection Theorem and the
Krull Principal Ideal Theorem.

Noether lattices in general, however, are lacking in many important ring-like
properties. For example, in a local Noether lattice of altitude d, there need not
exist d principal elements with join an element which is primary for the maximal
element, so that systems of parameters may be much larger than one would hope.

In this paper it is shown that if P is the maximal element of a local Noether
lattice, then for large n the number of principal elements required to generate P" is
given by a polynomial B*(P, x) (Corollary 3.3). It seems reasonable then to consider
the degree of this polynomial as a second measure of the number of elements in a
system of parameters, or possibly as an alternative definition of the dimension of the
lattice. Lemma 3.6 and Theorem 3.9 establish that the degree of B*(P, x) is d—1
where d is the height of P.

§2 is concerned with the introduction of a graded multiplicative lattice, denoted
A(Z, A). This lattice is analogous to the A-transform of a Noetherian ring intro-
duced by D. Rees and serves as the vehicle in §3 for obtaining the polynomial
B*(P, x). The main result of this section is that, if .# is a Noether lattice, then
H(Z, A) is a Noether lattice (Theorem 2.11). A determination is also made of the
heights of the maximal primes of (%, A4) in terms of 4 and % (Lemma 2.16).

In §4 regular local lattices are considered. It is shown that the O-element of a
regular local lattice is prime (Theorem 4.1) and the results of §2 are applied to show
that the degree function is a valuation (Corollary 4.4).

The author expresses his gratitude to Professor Louis J. Ratliff for many helpful
suggestions.

Throughout the remainder of this paper, the symbol .# will denote a Noether
lattice.

1. The following lemma is a useful generalization of Lemma (6.3) in [1].

LeMMA 1.1. Let A, B and C be elements of £ with A principal, B C and (0 : A)
A CZB. Then the correspondence D — AD of the quotient C|B into the quotient
CA|BA is a lattice isomorphism.
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Proof. Clearly the correspondence is order preserving. Let D and E be elements
of C/B. Then since A4 is principal and (0 : A)ANC=SB, D=DVv((0: A)AC)
=CA(DV(0: A)=CA(DA : A), and similarly, E=CA(EA : A). Hence if
DAZEA, then DSE, and if DA=FEA, then D=E. Now, let F be any element of
CA[BA. Then (F : A)AC is an element of C/B and ((F: A)AC)A=FACA=F,
since A is principal. Hence C/B~CA/BA. Q.E.D.

If B, C are elements of £ with B<C, then C will be called a cover for B if
B= X< Cimplies B= X. The following theorem characterizes the covering relation
in Z.

THEOREM 1.2. Let B and C be elements of & with B< C. Then C is a cover for B
if, and only if, there exists a principal element A€ ¥ with BV A=C such that
B: A is maximal in £. :

Proof. If A is principal in %, then by Lemma 1.1, (Bv A)/Bx~ AI/(BA A)=
Al/(B : A)A=1|(B : A). The theorem follows immediately from this. Q.E.D.

In [1] it was shown that Noether lattices satisfy an abstract ““Krull Intersection
Theorem.” An immediate but useful consequence is stated for ease of reference in
the following

LEMMA 1.3. If & is a local lattice and if B, C, and D are elements of ¥ with
D<I, then BSCV BD implies B<C.

Proof. B<CvV BD implies BSCv BD" for all n, so that necessarily B<C.
Q.E.D.

If an element B € .Z is the join of principal elements A4, . . ., Ax then the elements
A; will be called a base or basis for B. If this is the case and if no proper subcollection
of the A; also form a basis for B, then the A, will be said to be a minimal base for B.
As for rings, it is clear that any base can be reduced to a minimal base.

THEOREM 1.4. Let & be a local lattice with maximal element P and let AZ P be an
element of Z. Then

1. the quotient A|AP is finite dimensional and

2. the number of elements in any minimal base for A is equal to the dimension of
AJAP.

Proof. Let 4,,..., A, be a minimal base for 4. Set So=AP and for 1Si<r, let
S;=S8;_1 VA, Then PA,<PA=<S,_,, and hence S,_, : 4;=2P(1<i<r). Since P is
maximal, it follows that either S;_, : A;=P or S;_, : A;=1 and hence that either
S;=S;_1V A, is a cover for S;_, (Theorem 1.2) or that S;=S;_,. It is immediate
then that AP=S,<S5,5---<85,=4 can be reduced to a composition chain from
AP to A and hence that the quotient 4/ AP is finite dimensional with dimension (say)
dsr.
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Assume now that d<r. Then for some i, 1<i<r, S;=S;_,. Hence

A"—'SiVAi.'.lV"'VAr
=841 VAV V A4
=APV A, V---V A1V Ay V-V A,.

But then by Lemma 1.3, A=4,V---VA;_1 VA1V --- VA, which contradicts
the minimality of the base A,,... A4,. It follows, therefore, that the number of
elements in any minimal base for A4 is the dimension of the quotient A/4P. Q.E.D.

COROLLARY 1.5. Let £ be a local lattice and let € be a collection of principal
elements with the property that for every element A€ ¥ there exist elements
A, ..., Ay (depending on A) in € such that A=A,V - - - V A,. Then € is the complete
collection of principal elements of %.

Proof. If B and A,, ..., A, are principal elements of £ with B=A4,V --- V 4,,
then 4, ..., 4, can be reduced to a minimal base for B. Since B is itself principal,
it follows that B= A4, for some i. Q.E.D.

COROLLARY 1.6. Let R be a local ring, and let £ be the lattice of the ideals of R.
Then the principal elements of £ are the principal ideals of R.

Proof. It was established in [1] that the principal ideals of R are principal
elements of %, and it follows from Corollary 1.5 that these are the only principal
elements. Q.E.D.

If Be %, then as shown in [l], the quotient I/B becomes a Noether lattice,
denoted #/B, if multiplication is defined by Co D=CDvV B. The principal
elements of #/B include the elements 4 v B where A is principal in %, Since some
confusion will naturally result about the multiplication when more than one
quotient lattice #/B is under consideration at the same time, the notation C/B
will be used to denote the element C v B of #/B when it is necessary to distinguish.
With this notation, if 4 is principal in %, then A/B is principal in £/B.

COROLLARY 1.7. If an element B € & is such that £|B is local, then the principal
elements of £|B are the elements A|B with A principal in %.

Proof. The corollary is immediate from Corollary 1.5. Q.E.D.

If an element P of % is prime (i.e., AB< P implies A< P or BS P), then the height
of P, denoted ht P, is defined as the supremum of all integers n for which there
exists a prime chain Py<P;<---<P,=Pin &.

LEMMA 1.8. Let P be a prime element of £ and let A be a principal element with
AZP. Then

htP = ht P/A = ht P—1.
If A% P’ for every minimal associated prime P'< P of 0, then ht P/A=ht P—1.
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Proof. It was shown in [1] that an element C/A4 is prime or primary in £/A4 if,
and only if, the element CV A is respectively prime or primary in % In particular
then, the element P=P/A is prime in £/A. Now, let d=ht P and let Py<P,<---
< P,=P be a prime chain in £ Then (by Lemma 6.4 of [1]), there exists a prime
chain Pf<Pf¥< .- - <PF=Pin £ with Py=P§ and A< P. It is immediate from
this that ht P/A=d—1. Since ht P/A<ht P is clear, the first statement is proved.
Now, if ht P/A=d, then there is a prime sequence Py <P; < --- <P;=Pin ¥[Aand
therefore also in &, with A< P;. Since P; is necessarily a minimal associated prime
of 0 in %, the second statement follows. Q.E.D.

2. Let . denote a Noether lattice with least element 0 and greatest element /,
and let 4 be an arbitrary element of %, In this section a lattice analogue of D. Rees’
A-transform of a Noetherian ring R by an ideal 4 [4] will be introduced. It is this
transform, denoted #(%, 4), which will form the basis for the later proof of the
existence of Hilbert Characteristic Polynomials.

Let &#(A) denote the collection of all formal sums > _, B; of elements of ¥
such that

(2.1) A'’ZB;= B;,,= AB,, for all i, where for i£0, Ai=1.

The elements of #(A4) will generally be denoted by capitals B, C, ..., and if
B e #(A), then B; will denote the ith coordinate of B. For elements B, C € F(A4)
the following definitions will be used:

(2.2) B=Cif B;=C; for all i,

(2.3) BVvC=3 (B;v (),

(2.4) BAC=3 (B, A (),

(2.5) B-C= Zi (Vr+s=i B.Cy).

It is seen that the collection #(A) forms a complete, modular, lattice under the
relation < with resulting join and meet given by (2.3) and (2.4), and that (2.5)
defines a commutative, associative multiplication on #(A4) which distributes
over the join operation (2.3). The resulting lattice, together with the multiplication
(2.5) will be denoted by the symbol Z(%, A) and will be called the A-transform of %,
It is clear then from the defining relations that #(%, A) has greatest element
I*=3 A’ The element I'* is also a multiplicative identity, since by (2.1) and (2.5)
it is seen that if B is any element of #(.%, A), then the ith coordinate of BI* is
Vissei Bd¥=Vris-; B,A*= B,. These comments are summarized in the following

LEMMA 2.1. #(%Z, A) is a complete, modular, multiplicative lattice.

DErFINITION 2.2. Let C be an element of % with C<A". Then C is the least
element D of #(%, A) such that C=< D,. The notation C{ will also be used when
it is necessary to indicate that C is to be computed in #(%, A).

The following lemmas will be useful in computations.

LEMMA 2.3. If CS A" in &, then C"=3 CA'"". If also DS A", then C™v D™
=(Cv D)™,
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Proof. Clearly > CA'""e A(¥, A), so in view of (2.1) it follows that
CP=3 CA'~". If also DS A", so that D=3 DA'"", then by (2.3)

C” v D” = (Cv DA =(CV D Q.E.D.
LEMMA 2.4. If Be (&, A) and if C € & is such that C< A', then BC”=73 B;_,C.

Proof. BC™ has ith coordinate \/,,,-; B,C™,. Let s+t=i. If s>i—r so that
t<r, then B,C™,= B,C< B;_,C by (2.1). On the other hand, if s<i—r so that t>r,
then B,C",=B,CA*""<B,,,_,C=B,_,C. If s=i—r so that r=r, then B,C",
=B;_,C. Hence

B_C=s \V BC™ < B_,C. Q.E.D.

s+t=1i

COROLLARY 2.5. If CS A" and D= A® in &, then C"D®'=(CD)"**,

Proof. By Lemmas 2.3 and 2.4, C™ D® has ith coordinate (C);_,D=CA'~*""D
=CDA'~¢*"  which is the ith coordinate of (CD)¢*". Q.E.D.

LEMMA 2.6. If Ce (%, A) and if BS A" in %, then C: B”=3, [(C;,, : B)A A'].

Proof. Let D be any element of #(%, A) such that DB™<C. Then D,_,B<C,,
for all i; and hence D,_,=<(C, : B)A A'~", for all i. Now, set E;=(C;,, : B)A A, for
all i. Then A'ZE,2E;, = AE,, for all i, so that E= E; € #(%, A). Since (EB™),
=F;_.B=((C; : BYA A""")B=Z C,, for all i, it now follows that E=C:B". Q.E.D.

THEOREM 2.7. Let B be a principal element of £ such that BE A". Then B™ is a
principal element of Z(%, A).
Proof. Let B< A" be a principal element of £ and let C and D be any elements of
A(Z, A). Then by Lemmas 2.4 and 2.6,
((CA (D : B")B"); = (C A (D: B7)_,B
=(Cioy N(D;: B) A A")B = (Ci_, A (D; : B))B
= Ci_7B A Di = (CB(T) A D)i’
for all i. Similarly,
((C v DB : B”); = ((Cixr A DiB): B) A A' = (Ciy, : B) vV D)) A A
=({(Cisr:BYANAYV D, = ((C: B”) v D),
for all i. Hence B™ is principal. Q.E.D.

The following theorem will be instrumental in establishing that 2(.%, A) satisfies
the ascending chain condition.

THEOREM 2.8. Let B be any element of #(Z, A). Then there exists an integer N
such that By, ;= ByA', for all i=0.

Proof. Let & be the family of all elements B in (%, A) for which there fails to
exist an integer N such that By, ;=ByA', for all i=0. Assume .# # @. Let C be any
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chain of elements of & Then it is easily seen that S=\/ C € &, for if not, then since
& is Noetherian, there exist integers N and K such that S;=Sk for i£K and S;
=SyA'~Y, for iz N, and for each i, KL i< N, there exists an element C(i) € C such
that C(i);=S;. Let M be the maximum of the elements C(i). Then M € C and M,
=S, for KSi<N. Furthermore, if i>N, then S$;2M,ZMyA' " V"=SyA'"V=8;;
and if i< K, then S$;= M,;= M,=S,=S;. Hence S;=M,, for all i, so that S=M € &,
which is a contradiction.

Hence if # # @, then there exists a maximal element F of & Then F, < A since
F,=A implies A2 F,=2 F,A"~*= A", for all n= 1, which contradicts Fe % Let E
be a principal element of % such that F; <F, v ES 4. Then F<Fv E®,so Fv E®V
¢ F and there exists an integer N such that (FV E®),A=(Fv E®),,,, for all
n2N. Hence (F,VEA* Y)A=F,AvEA"=F,,,VvEA"; awl therefore F, ;=
F,Av EA" for n= N. Then since % is modular and E is principal in %,

Foyi=Fi A (Fpd vV EA™) = F, A V (Fn+1 A EA”)

(2:6) =F,AV (4" A (Fuy, : E))E,

for n= N. Now, by Lemma 2.6, A" A (F,,, : E) is the nth coordinate of the element
F: ED of B(Z, A); so if F: EY=F, then F,=A"A(F,,, : E), for all n, so that by
2.6), F,,.,=F,Av F,E=F,A, for all n= N, in contradiction to the assumption
that Fe &#. Hence F: EY>F, so F: EV ¢ &, and there exists an integer N'2Z N
such that

2.7 A" A (Fpyy t E) =(A""* A (F, : E))A, forallnz N'.

But then by (2.6) and (2.7), for n>N’, F,,,=F,A v (A*A(F,., : E))E=F,A
V(A"~*A(F, : E))AE=F,A, which again contradicts the assumption that Fe #
and shows that #= . Q.E.D. '

COROLLARY 2.9. If A and B are elements of &, then there exists an integer N such
that BA A¥*"=(B A AN)A", for all n=0.

LEMMA 2.10. If C € #(Z, A), then C is the join of finitely many principal elements
of the form B™ where B< A" is principal in £.

Proof. Choose integers N and K (K< N) such that Cy,;=CyA4}, for i20, and
Cy+:=Ck, for i£0. Then clearly C=\/g<;<y (C)®. For each i, Ki< N, choose
finitely many principal elements B; ; in & such that \/, B, ;=C,. Then

C = V., (B)®. Q.E.D.
THEOREM 2.11. #(Z, A) is a Noether lattice.

Proof. By Lemmas 2.1 and 2.10, it is only necessary to show that %(%, 4)
satisfies the ascending chain condition. Hence, let F(1)< F(2)< - - - be an ascending
chain in #(%, A). Set S=\/,; F(j) so that, for each i, S;=\/,(F(j)). Choose
integers N and K (K< N) so that Sy, ;=Sy4!, for i=0, and Sk ;= Sk, for i<0. For
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each i, K<i< N, choose F(@ (i)) so that (F(2(i)));=S;; and let M be the maximum
of the elements F( @ (i)) thus chosen. Then, as in the proof of Theorem 2.8, S=M
=F(j), for some j. Q.E.D.

It is natural to define the altitude of a Noether lattice & to be the supremum of
the heights of the prime elements P of £ (P < I). As for rings, the altitude of &£ will
be denoted by alt £

The altitude of Z(%, A) will be determined presently in terms of the altitude of &
and certain properties of A. However, before doing this, it is convenient first to
investigate some of the basic properties of Z(%, A).

If B is any element of % then it is clear that for every i, A'2Z BAA'ZBAA'*!
Z(A(BA AY), so that 3 (BA A;) is an element of #(%, A). This element will be
denoted by B*.

LEMMA 2.12. The correspondence B — B* of & into (%, A) is 1-1, isotone and
meet-preserving. If P € & is prime and Q € & is P-Primary, then Q* is P*-primary
in (<L A).

Proof. The first statement is immediate from the definition of B*. Hence assume
that P is a prime element of £ and that Q is P-primary. If D and E are any elements
of A(Z, A) with DEZ Q* and D Q*, then there exists an integer s such that
D,£ QA A and therefore also such that D,f Q. Now, for every choice of r,
D,E,<(DE),,,SQAA**"<Q, so it follows from the assumption that Q is P-
primary in % that E,< P, for all r, so that E,<P A A", for all r. Hence E< P*. Now,
choose n so that P"< Q<P in Z. It is easily seen that for every r and s, (BA A")
(CAA)SBCA A, and it follows from this that B*C*<(BC)*. Hence, in
particular, (P*)"<(P™)* and therefore (P*)"<(P™")*=< Q*<P*, so that [I] P* is
prime and Q* is P*-primary. Q.E.D.

COROLLARY 2.13. Let B=Q, A --- A Qg be a normal decomposition of B in &
in which Qy is Pi-primary. Then B*=Q¥A --- A Q¥ is a normal decomposition of
B* in #(%, A) in which Q% is P¥*-primary. Furthermore, if P,, . . ., P, are the minimal
associated primes of B, then P¥, ..., P¥ are the minimal associated primes of B*.

Proof. This is immediate from Lemma 2.12. Q.E.D.

LEMMA 2.14. Let P be a prime element of (%, A) with I~V £ P. Then P=(P,)*.

Proof. Assume /- £ P. Choose s so that Py A A5t =(Py A A%)A* for all i=0
(Corollary 2.9). Then (Pg)*I¢~®=Pg(I~V)*< P (Corollary 2.5), so (P,)*< P. Now,
if i20, then P,<PyA A'; and if i<O0, then (P)®IP=(P)O-V)"'<P, so that
P, = P,. 1t follows therefore that also P< P} and hence that P=(P,)*. Q.E.D.

LEMMA 2.15. Let P denote a maximal element of . If P2 A, then P*v I~V js
maximal in (&, A). If P% A, then P* is maximal in #(¥, A). Furthermore, if M is
any maximal element of A(%, A), then M, is maximal in ¥ and either
M=(My)*Vv IV or M=(M,)*, depending on whether AS M, or A M,.
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Proof. It is easily seen that if an element M of (%, A) is maximal, then the
conditions M=7"V and M,= A are equivalent. Note that if Be %(Z, A), then
B, =1 if, and only if, B=I*. Now, assume that P is maximal in . and that P% 4.
Then (P*vI¢~V)o=Pv A=1, so that if P*<T<I*, then also I‘"V£T. Further-
more, if P*< T < I*, then P=(P*),=T,, so that, if T is maximal, then (Lemma 2.14)
T=(T,)*=P*. Assume now that P> A. Then (P*VvI‘~Y),=P, so P*vI~V<[*,
and (P* v I V)= 4, for all i#0, so that P*v I~V is clearly maximal in Z(Z, A).

Assume now that M is maximal in Z(%, A). If M2 A, then M2 1~V and M;=A4'
for all i#0, so that M =(My)* v I~ V. If M, were not maximal in £, say M, <P <],
then the inequality M=(Mo)* v I~V <P*vIV<I* would hold in Z(¥, 4), in
contradiction to the maximality of M. If My A, then M% I"" and M= Mg, by
Lemma 2.14. In this case, M, is maximal in % since M,<T would imply (My)*
<T*. Q.E.D.

If P is a maximal element of .%, denote by m(P) the associated maximal element
of A(%, A).

LEMMA 2.16. Let P be a maximal element of £. Then ht m(P)=ht P+1 if P2 A
and ht m(P)=ht P if P% A.

Proof. Let Py<P,<---<P,=P be a prime chain in £ (d=ht P). Then in
R(Z, A), PE<P¥<--- <P¥<P*vI-V<I withtheequality P* v I~ =T holding
if, and only if, P% A4. It follows that ht m(P)=ht P and that ht m(P)2ht P+1 if
Pz A.

Now, if m(P)=P*, then it follows from Lemma 2.14 that any prime chain for
m(P) is the image under the map B — B* of a prime chain of the same length for P
in &, and hence that ht m(P)<ht P. It can be assumed therefore that m(P)# P*,
so that (Lemmas 2.14 and 2.15) I*"Y<m(P) and PZ A. Now, let A,,---, 4, be
principal elements of & with 4=4,V - -- V A,. The inequality ht m(P)<ht P+1
will now be established by induction on s. Hence assume s=1, and let P(0) < P(l)
< .- <P(d+i)=m(P)be a prime chain in Z(¥%, A) with d=ht P and d+i=ht m(P).
If AV < P(0), then by Theorem 2.7 above and Lemma 6.4 in [1], it can be assumed
that 1<~V < P(1) (be rechoosing P(1) if necessary). Then P(1)o< - -- <P(d+i)o=P
is a prime chain in &; so, in this case, d+i—1=d. If, on the other hand, A™ £ P(0)
it can be assumed that A< P(1). Now, if also I~V < P(1) then P(0)o<P(1)o< - -+
< P(d+1i)o=Pis a prime chain in %, in contradiction to the assumption that ht P=d.
Hence, 1"V £ P(1), so d+i=2; and it can be assumed that J*"Y<P(2). Then
P(0)o < P(2)o< - - - <P(d+1i)o=Pisaprime chain in %, so again d+i—1=d. There-
fore, if s=1, then ht m(P)<ht P+ 1. Assume now that s> 1. If 4, < P(0), for all j,
then, as before (by rechoosing P(1) if necessary), it can be assumed that 7~ < P(1),
so that P(0)o<P(2)o< - - - <P(d+i)o=P in Z; and therefore d+i—1=d. Assume,
therefore, that AV £ P(0). Then, as above, it can also be assumed that A’ < P(1);
and by continuing, it can be assumed that A{V< P(h), for all j, and that for 1<j<h,
AV P(j) and AP £ P(j—1). Also, it can be assumed that 1"V P(r), 1V
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£P(r—1), and that 1<r<h+1. Now, set B=\/,,, A;. Then the elements P
=> (P(j); A BY) of #(Z, B) are prime (j=0,..., d+1i). To see this, assume C and
D are elements of ¥ with C<B", D<B* and C{’D¥{=(CD)§* =<P;. Then
CDE(P)),4s=P(j)rrsAB™*5, so (CD){*9=CPDP=<P(j) and therefore either
C{ < P(j)or DY < P(j). Assume C’< P(j). Then C< P(j), and therefore C= P(j),
A B'=(P}),, so C{’< P;. By Lemma 2.10 it now follows that P; is prime. Further,
P}, is the maximal element m(P) determined in #(%, B) by P. It will now be
shown that also Py<P;<--- <P},,. Since either P(1)21"Y and P(0)2 1"V or
else P(1) and P(0) are the images of distinct primes in % under the map C — C*
of & into A(Z, A), it follows that Pg# P;. Also P/ #P;j,, for 1£j<h—1, since, in
this case, 4;,,< B, A2, < P(j+ 1), and AL, £ P(j), so that P(j), A B#P(j+1), A B.
Now, P, #P; .., since either P(h+1)=1"Y and P(h)2 1"V, or else P(h+1),
# P(h)o. And Pj#Pj ., for j> h, since necessarily P(j)o# P(j+ 1)o.

Hence, P{<Pi<---<Pi.;=m(p) is a prime chain in #(%, B); so by the in-
ductive hypothesis, d+i<d+ 1. Therefore, ht m(p)<ht P+1. Q.E.D.

These results are summarized for local lattices by the following

THEOREM 2.17. If % is a local Noether lattice of altitude d, and if A€ &L is
contained in the maximal element, then A(£, A) is a local Noether lattice of altitude
d+1.

3. Hereafter £ will denote a local Noether lattice with maximal element P.

In this section it will be shown that if Q is an element of .# which is P-primary,
then there exists a polynomial D*(Q, x) such that for all »n sufficiently large,
D*(Q, n) is the lattice dimension of the quotient I/Q". Also, it will be shown that,
if 4 is any element of %, then there exists a polynomial B*(A4, x) such that for all
sufficiently large n, B*(A4, n) is the number of elements in a minimal base for A™.

LEMMA 3.1. Let M denote the maximal element of (¥, A), and let B be an element
of B(&, A), such that M,|B, is finite dimensional. Then M,|B, is finite dimensional
forallnz1.

Proof. Since M,=A"=B,= B, A", it suffices to show the finite dimensionality
of A"/B,A""1, for n=2. Let C,, ..., Cx be elements of £ such that B,=C, < C,
<.--<Cy=A,and such that foreachi=1,..., K—1, C,, is a cover for C;. Then
AP 1B =A""1C,S A 1CS - - - SAM1Cyr= A", so it suffices to show that each of
the quotients A"~ 'C;,,/A" 'C; is finite dimensional. Let i be fixed, | SiK—1.
Then by Theorem 1.2, there exists a principal element C € & with C;v C=C;,,
and C;: C=P. Let A, ..., A, be a basis for A"~1. Then

AICG S ATICV ACS S ATIGV AC YV A4C= A,
and
P(A*'C; vV A,C V---V A;,,C) £ (A" 'C; vV A,CV---V A,C)

forj=1,...,r—1, so that (Theorem 1.2) there exists a composition chain for the
quotient A"~1C;,,/A* *C;. Q.E.D.
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THEOREM 3.2. Let M and B be as in Lemma 3.1. Then there exists a polynomial
p(x) with rational coefficients such that for all n sufficiently large, p(n) is the lattice
dimension d(M | B,) of the quotient M |B,.

Proof. Let % be the family of all elements B e %(%, A) for which M,/B, is
finite dimensional and for which there exists no polynomial with the desired
properties. If & # @, then # has a maximal element C, since Z(<, 4) is No-
etherian. Clearly, C; < M;, so there exists a principal element E€ % with C<C
v ED< M. Then by the choice of C and E, Cv E®® ¢ % and there exists a poly-
nomial p'(x) for Cv E®. Set D=C: E® so that (Lemma 2.6) D,=(Cp,, : E)A A",
for all n. Then D= C, and

dM,/(C v E®),) = d(M,[(C, v EA*"Y))
= d(M,|C;)—d((C, v EA*"Y)]C,)
= d(M,|C;)—d(EA*"[(C, A EA™Y))
= d(M,|C,)~d(A""}(C, : E) A A™7Y)
= d(M,|C;)—d(M,_1| D, _,),
by Lemma 1.1. Now, if D> C, then also D ¢ # and there exists a polynomial p“(x)
for D. But then
d(M,|C,) = d(M,[(C v EV),)+d(M,_1[D,_1)
=p'(+p'(n-1)
for all » sufficiently large, which is clearly a contradiction. Hence D=C, so D,

=(Cps1 : EYAA"=C, and d(M,[(CV E®),)=d(M,|C,)—d(M, _,/C,,) for all n.
Choose N so that d(M,/(Cv E®™),)=p’(n) for n= N. Then

> p'(n) = d(My/C.)—d(My_,/Cy_1) forw > N,
n=N
SO

AMIC) = > P +d(My_s[Cy_p) forw > N.

But this again contradicts the choice of C and hence shows that #=@. Q.E.D.
Before proceeding further, it is convenient to introduce the following notation:
(3.1) If C € &, then for n2 1, B(C, n) is the number of elements in a minimal base

for C™.

(3.2) If Q is a P-primary element of %, then for 20, F(Q, ) is the dimension

of the quotient Q"/Q"**.

(3.3) If Qis a P-primary element of %, then for n> 1, D(Q, n)is the dimension
of the quotient 1/Q". ‘

COROLLARY 3.3. Let C be an element of £. Then there exists a polynomial
B*(C, X) such that B¥(C, n)=B(C, n) for all n sufficiently large.
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Proof. Set B=(PC)? in %(¥, C). Then B,=PC" for n21 and d(M,|B,)
=d(C"/PC™ = B(C, n), by Theorem 1.4. The Corollary now follows from Theorem
3.2. QE.D.

COROLLARY 3.4. Let Q be a P-primary element of £. Then there exists a poly-
nomial F*(Q, X) such that F*(Q, n)=F(Q, n) for all n sufficiently large.

Proof. Set B=Q in #(%, Q). Q.E.D.

COROLLARY 3.5. Let Q be a P-primary element of #. Then there exists a poly-
nomial D*(Q, X) such that D*(Q, n)= D(Q, n) for all n sufficiently large.

Proof. This is immediate from Corollary 3.4. Q.E.D.

Let 8p(x) denote the degree of a polynomial p(x). It will presently be shown that
if . has altitude d, then for every choice of the P-primary element Q, 9B*(Q, X)
=0F*(Q, X)=d—1 and 0D*(Q, X)=d. Of course, the equality 2D*(Q, X)=
OF*(Q, X)+1 is clear, since for all sufficiently large n, D*(Q, n+1)— D*(Q, n)=
F*(Q, n). And since PX< Q<P for some K, it is immediate that oD*(Q, X)
=0D*(P, X) and hence also that 0F*(Q, X)=0F*(P, X). These remarks establish
part of the following

LEMMA 3.6. If Q is a P-primary element, then
9B*(Q, X) = 0B*(P, X) = 0F*%(Q, X) = 0F*(P, X)
= dD*(Q, X)—1 = oD*(P, X)—1.

Proof. Since B*(P, X)=F*(P, X), it is necessary only to show that dB*(Q, X)
=9F*(Q, X). Choose K so that PX< Q and let h=B(P, 1). Then

F(Q,n) = d(Q"/Q"*") = d(Q"|Q"P)+d(Q"P|Q"**)
< d(Q"/Q"P)+d(Q"P/Q"P¥) = d(Qn/QFP)+ Zld(QnPr/QnPrﬂ)

K-1
= d(Q"/Q"P)+ _Zld(Q"/Q"P)h' < B(Q, n)+ B(Q, n)(K— 1A% -D

= B(Q, n)(1+(K—1)h*-V),

Since also B(Q, n)< F(Q, n), it follows that 0B*(Q, X)<oF*(Q, X)<9B*(Q, X).
Q.E.D. '

CORQLLARY 3.7. If Q is a P-primary element of ¥ with B(Q, 1)=h, then
oD*(Q, X)<h.

Proof. If B(Q, 1)=Ah, then clearly

B(O. n) < (n+h—l)

h—1
It follows therefore that dB*(Q, X)=0D*(Q, X)—1=h-1. Q.E.D.
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LemMA 3.8. If Q is a P-primary element of %, then 9 D*(Q, X)=alt %Z.

Proof. By Lemma 3.6, it is sufficient to show that 0 D*(P, X)2alt Z. If alt £ =0,
then P*=0 for all large n, so 9 D*(P, X)=0. Hence assume .Z has altitude d>0 and
let Po<Py<---<P;=P be a prime chain in & Then alt £/P,=alt.¥ and
D*(P|P,, X)< D*(P, X). Let A< P be a principal element of £ with 4% P, so that
AP, is principal in £ /P, with A/P,#0. Choose K so that

(P[P)**™ A (A[Po) = [(Po/Po)* A (A[P))I(P/Po)", foralln = 0
(Corollary 2.9). Then

((P[PoY<*™ = (A[Po))(A[Po) = ((P[Po)* : (A/Po))(P[Po)"(A[Po),
and hence
(P[Po) ™ 1 (A[Po) = ((P[Po)* : (A/Po))(P[Po)"* < (P[Po)",
for all n20 (Lemma 1.1). Now, since ASP, (P/P)X*" 1< ((P/Po)X*™ : A[Py). It
follows that
D(P[Py, K+n—1) 2 dim (I[(P/Py)**™ : (A/Py)]) (Lemma 1.1)
= dim ((4/Po)/[(P[Po)**™ : (A[Po))(A4/Po)])
= dim ((4/Po)/(P[Po)**™ A (A[Py))
= dim ((P/Po)"** v A)/(P[Po)**¥)
= D(P/Py, n+K)— D(P|(P, Vv A),n+K) = D(P|P,, n),
)
D(P|Py,n+K—1) = D(P[Py,n+K)— D(P[(Py, V A), n+k)
= D(P[Py, n) for all n=0.
Hence for n sufficiently large,
D*(P|(P, v A),n+K) 2 D*(P|Py, n+ K)— D*(P|Po, n+K—1)
and
D*(P|P,, n+ K)— D*(P|Po, n) = D*(P/(Py vV A), n+K),
s0 0D*(P/(PyV A), X)=0D*(P|Py, X)—1. Now, it is clear that alt Z[(P,V A)
<d—1 and therefore (Lemma 1.8) that alt #/(P,Vv A)=d—1. Hence, by the in-
ductive hypothesis, 9 D*(P/P,Vv A)=d—1 so that
oD*(P, X) = 0D*(P[Py, X) = 14+0D*(P/(P, V A), X)
2 alt Z/(Py v A)+1 = alt £[P, = alt &Z. Q.E.D.
THEOREM 3.9. If Q is a P-primary element of the local lattice %, then

aD*(Q, X) = alt .
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Proof. Let A4#0 be a principal element of £ with A< Q. Choose s so that
0" *sAA=Q"(Q° A A), for all n20. Then (Q"**: A)ASQ"A4, so Q"**: ASQ"
v (0 : A), since A is principal. Now,

dim (I/Q" v A)) = dim (I//Q")—dim (Q" v 4/Q")
= dim (J/Q")—dim (4/Q" A A)
= dim (I/Q")—dim (Z/Q" : A4) (Lemma 1.1),

N dim (I/Q")—dim (I/Q"~* v (0 : 4)) < dim (J/Q" Vv A)
and
dim (I/Q™ v 4) £ dim (/Q")—dim (I/Q*~* v (0 : A)).

Hence

D(Q, m)—D(Q/(0 : A),n—1) = D(Q/4, n)
and

D(Q/A4,n) £ D(Q, n)— D(Q/(0 : A), n—s),
so that

D*(Q, n) = D*(Q/4, n)+ D*(Q/(0 : 4), n—1)

and

D*(Q, n) 2 D*(Q/A4, )+ D*(Q/(0 : A), n—s),

for all n sufficiently large. It follows that one of the polynomials D*(Q/A4, X) and
D*(Q/(0 : A), X) has the same degree as D*(Q, X).

Now, let 44, ..., A, be principal elements in £ with Q=A4,V --- v 4,,; and set
d=alt . By Lemma 3.6 it can be assumed that no fewer than A principal elements
have join a P-primary element. If d=0, then the calculation is immediate, so
assume d>0. Choose K so that 0 : (4,)¥=0 : (4,)¥*!forall i=0, and set A =(4,)¥.
Then A;V ---VA,_,V A is P-primary element of %, so (Lemma 3.6) it can be
assumed Q=A4,V---VA,_,VA. Now, if h—d=0, then (Corollary 3.7 and
Lemma 3.8) d<0D*(Q, X)<h=d. Hence it can be assumed h—d>0.

Now assume, 0D*(Q, X)=0D*(Q/A, X). If alt /A <d, then it follows by the
induction on altitude that 9D*(Q/A4, X)=alt £/A so that oD*(Q, X)=
0D*(Q/A, X)<d. On the other hand, if alt £/4=d, then it follows by the in-
duction on the number of generators that 9 D*(Q/A4, X)=alt £/A4 and hence that
oD*(Q, X)=d. Hence if 0D*(Q, X)=0D*(Q/A, X), then 0D*(Q, X)=d.

Assume now that 9D*(Q, X)=0D*(Q/(0 : A), X). By the choice of 4, 4/(0 : A)
is not a zero divisor in Z/(0 : A). Hence, by the earlier part of the proof,

D*(Q/(0 : A),n) < D¥Q/(0: A) v A,n)+D*(Q/(0 : A),n—-1)
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“and
D*(Q/(0 : A),n) =2 D*(Q/(0: A) v A, n)+ D*(Q/(0 : A), n—s);
SO

cD*(QI0: A) v A, X) = ¢D*(QJ0 : 4), X)—1 = aD*Q, X)—1.

1t is easily seen that Z/(0 : A)V A has altitude <d, so it follows by the inductive
- assumption on altitude that

¢D*QJ(0 : A) Vv A, X) = 6DXQ, X)—1 < d,
and hence (Lemma 3.8) that ¢D*(Q, X)=d. Q.E.D.

4. Regular local lattices. A local lattice £ of altitude d is said to be a regular
local lattice if the maximal element P € & is the join of d-principal elements.

It is noted that by Theorem 1.4, the local lattice & is regular if, and only if,
dim (P/P?)=alt ().

THEOREM 4.1. If &£ is a regular local lattice, then O is prime.

Proof. If alt (#)=0, then the result is clear. The proof will proceed by induction.
Assume alt £=d=>1. Let Py<P,<---<P;=P be a prime chain in £ and let
A4, ..., Ay be a principal element of & with P=A,V --- v A,. Then #/P, is again
regular with maximal element P=P/P,=A,/PyV - - - V A4/P,. Since P[P, is not the
join of fewer than d-principal elements [1}, it is clear that 4,/P,#0/P,fori=1, .. .,d.
Then (ZL/Po) | (A,/Po)=%| (A, V Py) has altitude d—1 (Lemma 1.8) and is
regular since P[(A,V Py)=A3/(A,V Py)V - -V Ay/(A,V Py). Hence by the in-
ductive hypothesis, 4, v P,=0/(A,V Py) is prime in Z£/(4, Vv P,), and therefore
also in %.

Now, P=P|A, is the join of the d—1 principal elements A,/4,, ..., A4/A4; in
LA, so L|A, has altitude <d—1 [1] and therefore =d— 1, (Lemma 1.8). Hence,
by the inductive hypothesis, 4;=0/A4, is prime in £/4,, and therefore also in Z.
Since A, £ A4,V P,, and since Z[A4, and Z[(A, V P,) both have altitude d— 1, so that
A, and A4, v P, have the same depth in %, it is immediate that 4, = 4, v P,, whence
Py<A,. Then Py=PyAA,=(Py: A})A;=P,A, (since P, is prime A,£P,), so
P,=0 by Lemma 1.3. Q.E.D.

COROLLARY 4.2. Let &£ be a regular local lattice of altitude d, and let A,, ..., Ay
be principal elements with P=A;V --- VA, Then A,V ---VA; is prime for
i=0,...,d.

Proof. By Lemma 1.8, it follows (by induction on i) that £/(4,V ---V 4)) is
regular of altitude d—i, so that 0/(4,V ---VA)=A,V---VA; is prime in
ZL|(A,V - - - VA;) and therefore also in £. Q.E.D.

COROLLARY 4.3. Let A be a principal element of the regular local lattice &, with
ASPand A% P2 Then A is prime in Z.
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Proof. Let & be a regular of altitude d, so that dim (P/P%)=d, (Theorem 1.4).
Now, (4V P?)/P2= A[(P? A A)=A|(P?: A)A=I|/(P?: A)(Lemma l.1)so (4 v P?)/P?
has dimension 1 and P/(AV P?) has dimension d—1. Let AVP?=C,;<Cy<---
< Cy=P be a composition chain for P/(4V P?). For each i=2,...,d let 4; be a
principal element of £ such that 4;,<C; and 4,;£C;_,. Then C;_, Vv 4,=C, for
i=2,...,d. Set A=A,. Then P=C,VAy,V---VA;=P3VA,V---VA, so
P=A,v---vA; by Lemma 1.3, so 4, is prime by Corollary 4.2. Q.E.D.

COROLLARY 4.4. Let A, B be elements of a regular local lattice £, with A< P™,
AEP"*' and BSP™, B£ P"*'. Then ABSP"*™ and ABL P**™+1,

Proof. Let £ be regular of altitude d, with P=A4; V - - - v A, (4, principal). Then
the maximal element of #(%, P) is the join of the d+1 principal elements ¢~ 1),
AL, ..., AP (Lemma 2.3 and Theorem 2.7), so Z(%, P) is a regular local lattice of
altitude d+ 1 (Theorem 2.17). Hence ‘-7 is prime (Corollary 4.2). Now, assume
A,Be ¥, ASP", A£P"*!, and BSP™, Bt P™*!. Then I~V has ith coordinate
P+l 50 AME TV and B™E£ I, Hence (AB)**™=A™MB™ L I~ and there-
fore AB£P**m+!, Q.E.D.

Hence the degree function on a regular local lattice is a valuation.

It is noted that, as for local rings, if & is regular of altitude 1, then Theorem 2.7
can be strengthened to say that every element A0 is a power P" of the maximal
element (I=P°). For in this case, P is principal, so if n is the largest i such that
AZ P! then A=A AP"=(A : P")P", so that if P"# A, then AS PP"=P"**, Hence if
£ is a regular local lattice of altitude 1, then % is isomorphic to the lattice of ideals
of a regular local ring, and £*=.2—{0} is a Gaussian semigroup. This second
property also holds in the semigroup of principal elements of a regular local lattice
of altitude 2, as is easily seen.
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